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Some basic results on duality of infinite graphs are established and it is proven 
that a block has a dual graph if and only if it is planar and any two vertices are 
separated by a finite edge cut. Also, the graphs having predual graphs are charac- 
terized completely and it is shown that if G* is a dual and predual graph of G, then 
G and G* can be represented as geometric dual graphs. The uniqueness of dual 
graphs is investigated, in particular, Whitney’s 2-isomorphism theorem is extended 
to infinite graphs. Finally, infinite minimal cuts in dual graphs are studied and the 
characterization (in terms of planarity and separation properties) of the graphs 
having dual graphs satisfying conditions on the infinite cuts, as well, is included. 
0. INTRODUCTION 
If G is a finite or infinite graph (possibly with loops and multiple edges), 
then a graph G* is a dual graph of G (and G is a predual graph of G*) if 
there exists a bijection of the edge set of G onto the edge set of G* such that, 
for any finite set A of edges of G, A is the edge set of a cycle of G iff the 
corresponding edge set of G* is a minima1 edge cut in G*. The concept of 
duality is an important link between finite graph theory and matroid theory 
and is often used in the study of finite planar graphs. Moreover, it sometimes 
happens that a statement valid for planar graphs has a “dual” statement 
which is valid for (and has a more natural proof for) genera1 graphs. It is not 
difficult to see that the geometric dual graph of a finite plane graph is also a 
dual graph. Conversely, a fundamental result of Whitney [ 131 (see also [6, 
7, IO]), if G* is a dual graph of the finite graph G, then G and G* are 
planar and can be represented as geometric dual graphs. In particular, G is a 
dual graph of G*. Whitney [14] ( see also [9]) also proved that any dual 
graph of a. block G can be obtained from any other dual graph by a sequence 
of 2-switchings. In particular, a 3-connected planar graph has only one dual 
graph. 
The main purpose of this paper is to extend these results to infinite 
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graphs. Not surprisingly, planarity plays an important role in these 
investigations. We show that a dual graph of a 2-connected planar graph G 
determines, in a sense, a unique plane representation of G and thus 
knowledge about dual graphs gives information about how to draw those 
infinite planar graphs that have dual graphs. Duality and planarity, however, 
are not as easy to deal with in the infinite case as in the finite case. In [ 71 it 
was proved that a necessary condition for a 2-connected graph G to have a 
dual graph G* is that G is planar and has no two vertices joined by infinitely 
many edge-disjoint paths. In [7, 81, however, it was shown by examples that 
G* need not be planar (in particular, G need not be a dual of G*) and that 
G* is not unique even in the case where G is 3-connected. We show that 
these obstacles disappear when a confine ourselves to strong dual graphs 
(i.e., dual graphs of G that are also predual graphs of G). 
We first describe some basic properties of duality. Then we characterize 
the graphs having dual (respectively, predual) graphs (and settle thereby the 
conjecture in [7, 81) and we investigate to what extent dual graphs are 
unique. In particular, we extend Whitney’s 2-isomorphism theorem to infinite 
graphs. Finally, we investigate infinite edge cuts in dual graphs and use those 
results to characterize the graphs that have dual graphs satisfying natural 
conditions on the infinite edge cuts. 
1. TERMINOLOGY AND NOTATION 
The terminology is the same as in [7]. For the sake of completeness we 
repeat the most important definitions. A graph G may have loops and 
multiple edges. The set of vertices is denoted V(G) and the set of edges 
(including the loops) is denoted E(G). A graph is k-connected (k being a 
natural number) if any two vertices are connected by a set of k internally 
disjoint paths. In addition, a 2-connected graph has no loops and a 3- 
connected graph has no multiple edges. A block is a 2-connected graph or a 
graph with two vertices and one edge. A vertex cut S in a connected graph G 
is a set S s V(G) such that G - S is disconnected. An edge cut is a set of 
edges joining A and B where A U B is a partition of V(G). A minimal edge 
cut is a nonempty edge cut containing no nonempty edge cut as a proper 
subset. It is not difficult to see that any minima1 edge cut E of a graph G is 
contained in a block B of G and is a minima1 separating edge set of B. In 
particular, B -E has precisely two components. If T is a spanning tree of a 
connected graph G, and e E E(T), then all the edges joining the two distinct 
components of T - e is a minimal edge cut called a Tfundamenfal edge cuf. 
If e E E(G)\E(T), then the unique cycle of TV {e} is a T-fundamental cycle. 
If G is a graph, we define the strong reduction G,, as follows: We say that 
two vertices of G are equivalent if they are not separated by a finite edge cut 
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and G,, is obtained from G by identifying all vertices of each equivalence 
class into one vertex and letting the edge set be unchanged (in particular, 
edges joining the same equivalence class in G are loops in G,,). If A s E(G), 
we denote by G/A the graph obtaned from G by contracting all edges of A. 
A pair of dual graphs is a pair of graphs (G, G*) such that there is a 
bijection 4: E(G) --f E(G*) with the property that a finite set A c E(G) is the 
edge set of a cycle iff )(A) is a minimal edge cut in G*. We denote d(A) by 
A* and if eEE(G), we write e* = ((e). If (G*, G) is a dual pair (with 
respect to #-I), we say that G and G* are strong dual graphs. 
A plane graph is a graph drawn in the plane such that each edge is a 
polygonal arc and a planar graph is an abstract graph isomorphic to a plane 
graph. If G and H are plane graphs such that there is a bijection 
0: E(G) -+ E(H) with the property that for each edge e of G, e crosses 4(e) 
exactly once and has no point in common with H - e, then G and H form a 
geometric dual pair. 
A vertex (respectively, edge) accumulation point of a plane graph G is a 
point p such that, for each real E > 0, there are infinitely many vertices 
(respectively, edges) of Euclidean distance less than E from p. A vertex 
(respectively, edge) accumulation point is abbreviated VAP (respectively, 
EAP). If P is a two-way infinite path of a plane graph G such that P has no 
EAP, then P partitions the Euclidean plane into two regions (or faces). If 
one of these faces contains no edge of G, we say that P is a facial path of G. 
A facial cycle is defined analogously. If G is 2-connected and has no EAP 
(in particular, G is locally finite and has no VAP), then G partitions the 
Euclidean plane into faces each of which is bounded by a facial path or 
cycle of G. 
If G is a finite 2-connected graph (with labelled edges) and ri and Tz are 
two plane representations of G, then we say that r, and r, are equivalent if 
those cycles of G which are facial in r1 are the same as those which are 
facial in r,. It follows that there is a l-l correspondence between the dual 
graphs of G (where we think of a dual graph as a graph with the same edge 
set as G) and the nonequivalent plane representations of G. 
If G is a countably infinite 2-connected graph, we can write G = U z, Gi, 
where G, E G, S. ... is a sequence of finite 2-connected graphs and we say 
that two plane representations ri and r, of G are equivalent if the subgraphs 
of r, and T’, corresponding to Gi are equivalent for each i = 1,2,... 
Finally, an even graph is a graph with no vertex of odd degree. 
2. BASIC PROPERTIES OF DUALITY 
If G and G* are finite and form a dual pair, then deleting (respectively, 
contracting) edges in G correspond to contracting (respectively, deleting) 
edges in G*. Part of this holds for graphs in general. 
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PROPOSITION 2.1 ([ 7, Lemma 9.11). If G* is a dual graph of G and 
A c E(G), then G*/A * is a dual graph of G -A. 
The graph G/A need not have a dual and even if it has, G* -A* need not 
be a dual graph of G/A (see Proposition 2.5). From Proposition 2.1 it 
follows that a necessary condition for a graph to have a dual graph is that 
the graph contains no subdivision of K, or K,<,. Another necessary 
condition is the following, which is given in 171: 
PROPOSITION 2.2 ([7, Lemma 9.21). If G has a dual graph, then any 
two vertices of G are separated by a finite edge cut. 
By Proposition 2.1, every block of G has a dual graph if G has a dual 
graph. The converse is also easy to prove. (Moreover, if A is the edge set of 
a block of G and G* is a dual of G, then the edges of A* clearly belong to 
the same block of G*. However, A* may be a proper subset of the edge set 
of that block.) We shall therefore restrict ourselves to 2-connected graphs. 
Proposition 2.2 combined with the following result of Dirac [2] shows that 
an uncountable 2-connected graph cannot have a dual graph: 
PROPOSITION 2.3 ([2]). Any 2-connected uncountable graph G contains 
two vertices that are not separated by a finite edge cut. 
ProoJ If each vertex of a connected graph has degree <a, where a is an 
infinite cardinal, then the graph has at most a vertices. So we can assume 
that G has a vertex x0 of uncountable degree. If x,, has at most countably 
many neighbours, then at least one of these is joined to x0 by uncountably 
many edges and is not separated from x,, by a finite edge cut. So assume that 
x,, has uncountably many neighbours. We now consider a tree T of G - x0 
satisfying the following conditions: 
(i) If x is a vertex of degree 1 in T, then x is a neighbour of x0. 
(ii) If e is any edge of T, then each component of T - e contains a 
vertex which is a neighbour of x0. 
Any path connecting two neighbours of x,, satisfies (i) and (ii) and since 
G -x,, is connected, it is an easy consequence of Zorn’s lemma that G - ?cO 
has a tree T,, which is maximal with respect to (i) and (ii) and that T,, 
contains all neighbours of x0. Since T,, is uncountable it has a vertex y, of 
infinite degree and hence x0 and y, are not separated by a finite edge cut in 
G. 
Examples given in [7, 81 show that a dual graph need not satisfy the 
condition of Proposition 2.2. The first parts of Proposition 2.4 were proved 
in [i’]. The last part follows from the fact that the graphs under 
consideration have the same finite edge cuts. 
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PROPOSITION 2.4. If G* is a dual graph of G, then G is a dual graph of 
G* if and only if any two vertices of G* are separated by a finite edge cut. 
In particular, the strong reduction of any dual graph of G is a strong dual 
graph of G. Finally, if H is a graph whose strong reduction Hsd is a dual 
graph of G, then H is a dual graph of G. 
Proposition 2.4 shows that a graph has a predual graph if and only if its 
strong reduction has a predual graph. Proposition 2.4 also implies the 
following counterpart to Proposition 2.1. 
PROPOSITION 2.5. Let G be a graph having a dual graph and let 
A G E(G). Then G/A has a dual graph if and only if any two vertices of G/A 
are separated by a finite edge cut. 
Proof: If G/A has a dual graph, then any two vertices are separated by a 
finite edge cut by Proposition 2.2. Suppose conversely that any two vertices 
of G/A are separated by a finite edge cut. By Proposition 2.4, G has a strong 
dual graph G* and, by Proposition 2.1, G/A is a dual graph of G* -A *. By 
Proposition 2.4, G/A is a strong dual graph of G* -A * and the proof is 
complete. 
From the proof of Proposition 2.5, it follows that G* -A * is a dual of 
G/A provided G/A has a dual graph and provided G* is a strong dual of G. 
The same can be proved if A is finite, even if G* is not a strong dual of G. It 
does not hold, however, if A is finite. To see this, let L be the graph obtained 
from two two-way infinite paths P,: ... x,,xlxz ... and P,: ..a y, y, y, ..a by 
adding all edges xi yi and let L* be the graph obtained from a two-way 
infinite path by adding two new vertices and join each of these by a single 
edge to each vertex of the path. Then L* is a dual of L. If we let A be the set 
of all edges of P, except one, however, then L/A has a dual graph by 
Proposition 2.5, but L* -A* is not a dual graph of L/A, since L * -A* has 
an edge cut of cardinality one. Also note that, if A = {x0 y,,}, then L/A is not 
2-connected, whereas its dual graph L * - A * is 2-connected. 
If we contract all edges of P, and P, in L, the resulting graph has no dual 
graph. Las Vergnas [4] proved that this can be done in any infinite 2- 
connected graph. Las Vergnas obtained that result as an application of 
investigations on infinite matroids. We shall here give a simple direct proof. 
PROPOSITION 2.6. Any injinite 2-connected graph G has an infinite 
minimal edge cut. 
ProoJ: If G has a vertex of infinite degree, then the edges incident with 
that vertex form an infinite minimal edge cut. So assume G is locally finite. 
We construct recursively a sequence P, , P, ,... of finite paths in G such that, 
for each k > 2, P, connects two vertices of V(P,-,)\V(P,-,) and has only its 
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ends in common with P, U P, U .. 9 UP,- i and, furthermore, there exist 
infinitely many paths P in G such that P connects two vertices of 
V(P,)\V(P,_ i) and has only it ends in common with P, UP, U a-- UP,. 
Let P, be any path of length at least one. Since G is 2-connected and has 
infinitely many vertices, there exist infinitely many paths P as described 
above. Suppose we have already defined P, , P, ,..., P,. Then infinitely many 
of the paths P described above have the same first and last edge. Any of 
these paths can play the role of Pk+ 1. 
Now consider the graph P, UP, U ... . By deleting a suitable edge in each 
P,, k > 2, this graph is transformed into a tree and this tree can be extended 
into a spanning tree T of G. Now the fundamental edge cut of a suitable edge 
of P, with respect to T is infinite and the proof is complete. 
If G* is a connected dual graph of the finite connected graph G and 
A U B is a partition of E(G), then A is the edge set of a spanning tree of G if 
and only if B* is the edge set of a spanning tree in G*. Suppose conversely 
that G and H are connected graphs and 4: E(G) + E(H) a bijection such that 
for any partition E(G) = A U B, A is the edge set of a spanning tree of G iff 
#(A) is the edge set of a spanning tree of H. Then it is easy to see that G, H 
is a strong dual pair. Propositions 2.6 and 2.7 show that each block of G and 
H must be finite in this case. 
PROPOSITION 2.7. Let G* be a dual graph of a connected graph G and 
let A U B be a partition of E(G) such that B* is the edge set of a spanning 
tree T of G”. Then A is the edge set of a spanning tree of G tf and only if 
each fundamental edge cut with respect to T is j%ite. 
Proof Since A* contains no edge cut of G*, A is the edge set of a forest 
in G. Now, a forest in a connected graph is a spanning tree if and only if it is 
maximal acyclic, and so A is the edge set of a spanning tree if and only if, 
for any edge e of B *, A * U {e} contains a finite cut of G*. Since A * U {e} 
contains only one edge cut of G*, namely, the fundamental edge cut with 
respect to T corresponding to e, the result follows. 
By Proposition 2.6, any infinite 2-connected graph G has an edge-partition 
E(G) = A U B such that A is a spanning tree of G with at least one infinite 
fundamental edge cut. So if G * is a strong dual graph of G, then B * is not a 
spanning tree of G*, by Proposition 2.7. On the other hand, it follows from 
Proposition 2.8, combined with Proposition 2.2 that the partition can always 
be chosen such that A and B* are the edge sets of spanning trees in G and 
G*, respectively. 
PROPOSITION 2.8. If G is a connected graph, then G has a spanning tree 
T such that each fundamental edge cut with respect to T is finite if and only 
tf any two vertices of G are separated by a finite edge cut. 
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ProoJ The “only if’ part is trivial so we prove the “if’ part. It is 
sufficient to consider each block of G separately, so assume without loss of 
generality that G is 2-connected. By Proposition 2.3, G is countable and we 
enumerate the vertices of G by x,, x2,... . We define recursively a sequence 
T,, T,,... of finite trees in G and a sequence of finite pairwise disjoint edge 
sets E,, E,,... of G such that T, E T, c ... and each edge of T, is an edge 
cut in the connected graph G - (E, U E, U . .. U Ek). We let T, be any tree 
containing one edge e and the vertex x,. By assumption, e is contained in a 
finite minimal edge cut of G, and we let E, consist of all edges of this edge 
cut except e. Suppose we have already defined Tk and E, , E, ,..., E,. Let m 
be the smallest natural number such that x, is not in T, and let 
x,z,zz . . . z,y be a shortest path inG’=G-(E,U ... UE,) fromx, to Tk. 
In G’ the edge e’ = z,y is contained in a finite minimal edge cut. This edge 
cut is of the form E,, , U {e’ } and does not intersect Tk. Now let Tk + , be 
obtained from Tk by adding z, and the edge e’. Note that either T,,, 
contains x, or x, has shorter distance to Tk+, than to T,. From this it 
follows that T = Up=, Tk is a spanning tree of G. Moreover, if e is any edge 
of T, say e E E(T,J, then all edges of G that join the two components of 
T-e are in E,UE,U... U E,. So each fundamental edge cut of G with 
respect to T is finite and the proof is complete. 
By the same method as in the proof of Proposition 2.8, one can prove that 
any two vertices in a connected graph G can be separated by a set of less 
than a edges (a being an infinite cardinal), if and only if G has a spanning 
tree T such that each fundamental edge cut with ‘respect to T has less than (x 
edges. 
A graph may contain two vertices joined by infinitely many pairwise edge- 
disjoint paths without containing two vertices joined by infinitely many 
pairwise internally disjoint paths. Consider for example a graph which is the 
union of paths P,, P2,..., where P, is a path of length one from say x to y 
and, for each k > 2, P, is a path from x toy having no edge in common with 
P,UP,U **’ UPk-, and containing all vertices of Pk-l in the same order 
as they occur on Pk-,. Any such graph has some remarkable connectivity 
properties. It has infinite edge-connectivity, but no two vertices are connected 
by more than three internally disjoint paths. One can prove that any graph 
which contains two vertices connected by infinitely many pairwise edge- 
disjoint paths either contains a subdivision of a graph of the type described 
above or it contains two vertices joined by infinitely many pairwise inter- 
nally disjoint paths. 
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3. EXISTENCE AND GEOMETRIC REPRESENTATION OF DUAL GRAPHS 
In Section 2 we gave necessary conditions for the existence of dual graphs 
and we investigated properties of such graphs provided they exist. In this 
section, we determine when a dual (respectively, predual) graph exists and 
we show that strong dual graphs can be represented as geometric dual 
graphs. The key result is the following: 
THEOREM 3.1. If G is a countable 2-connected planar graph, then G has 
a predual graph H such that G and H can be represented as geometric dual 
graphs. 
Proof Since G is 2-connected and countable, we can write G = Urz, G, 
such that G,~G,E... and each G, is a finite induced 2-connected 
subgraph of G. Let r be a plane graph isomorphic to G and let r, be the 
subgraph of r corresponding to G,. We shall redraw r so as to obtain a 
plane graph r’ such that, for each k, the subgraph r; corresponding to G, is 
equivalent to r, and such that r; has a geometric semidual graph as 
explained below. Consider a face F bounded by, say the cycle Z of r,. We 
say that two edges on 8 are F-equivalent if, for each m > k, r, has a face 
F, such that F, 5 F and e, and e2 are on the facial cycle of r,,, bounding 
F,,,. Equivalently, no r,,, (m > k) contains a path in F connecting two 
vertices of E such that these two vertices separate e, and ez on Z. Now 
consider I’; and the cycle 3 and the face F’ corresponding to 8 and F. 
respectively. We now draw a geometric duai graph A, of rk and we obtain a 
geometric semidual graph 0, as follows: We delete the vertex of A, in F’ and 
part of each edge incident with that vertex. Then for each F/-equivalence 
class we add a vertex y in F’ and let those edges of A, which correspond to 
the edges in that F’-equivalence class be incident with y. By doing this for 
every face of r; we transform A, into 0, and it is easy to see that we can do 
this such that 0, is plane. Moreover, it follows by the definition of 0, that 
we can extend I’; to r;+ , such that no vertex or edge in r;+ ,\r; intersects 
0,. Having done that we can extend 0, to a geometric semidual graph O,, , 
0f r;,,. Clearly r’ = lJ,” 1 r; and 0 = l-l,“=, 0, are geometric dual graphs. 
We claim that I-’ 21 G is a dual graph of H N 0. Clearly, any cycle of P 
corresponds to an edge cut in H, and any cycle of H corresponds to a edge 
cut in r’ because r’ and 0 are geometric dual graphs. Now consider a finite 
minimal edge cut E in r’. Then for some k > 1, E is a minimal edge cut in 
ri, i.e., rl, contains E and I’; - E has two components r; and r[’ and E is 
the set of edges of r’ connecting r; to r;‘. Each edge e of E is adjacent to 
two faces F, and F, of r; and since no edge of E(T’)\E joins r; to r;‘, e is 
F,-equivalent (respectively, F,-equivalent) to some other edge of E. From 
this it follows that E corresponds to a cycle in 0, and hence in H. This 
completes the proof. 
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Using this result we obtain the fundamental result on duality of infinite 
graphs. 
THEOREM 3.2. A 2-connected graph G has a dual graph if and only if G 
is planar and any two vertices of G are separated by a jkite edge cut. 
Moreover, if H is any strong dual of G, then G and H can be represented as 
geometric dual graphs. 
ProoJ If G has a dual graph, then by Propositions 2.2 and 2.3 and the 
remark following Proposition 2.1 combined with Kuratowski’s theorem for 
countable graphs [3], G is planar and satisfies the finite edge cut condition. 
The converse follows from Theorem 3.1 combined with Proposition 2.4. 
To prove the second part of Theorem 3.2, we assume that G and H are a 
pair of strong dual graphs. In particular, they are both 2-connected, coun- 
table and planar. As in the proof of Theorem 3.1, we write G = UT?, G, and 
by Proposition 2.1, G, is a dual graph of H, = H/Ak, where A, corresponds 
to E(G)\E(G,). By Whitney’s theorem (see e.g., [7]), we can represent G, 
and H, such that they form a pair of geometric dual graphs. As in the proof 
of Theorem 3.1, we consider a face F of Gk and let E be the corresponding 
facial cycle and we let x, be the vertex of Hk in F. We also consider F- 
equivalence of edges of E and it is easy to prove that this corresponds to the 
following equivalence of edges in Hk incident with xF: two edges e, and e, 
incident with x, are equivalent if and only if they are incident with the same 
vertex of H. So when we replace Hk by a geometric semidual graph of G, as 
in the proof of Theorem 3.1, we transform Hk = H/A, into H -A,. Having 
drawn G, and H-A, as described above, we can extend this to a represen- 
tation of Gk+l and its semidual graph H-A,, 1 and continuing like this, we 
get the desired representations of G and H. 
The plane representation of G described in Theorem 3.2 will be called a 
representation of G corresponding to H. With this notation we have 
THEOREM 3.3. The above relation defines a l-l correspondence between 
the strong dual graphs of G and the nonequivalent representations of G. 
ProoJ Let G* be any strong dual graph of G and let (r,, r,*) and 
(r,, r,*) be representations of (G, G*) as geometric dual pairs. Since 
rf ‘v rf 1: G* it follows from Proposition 2.1 that r, and r, are equivalent 
representations of G. So a strong dual graph gives rise to a representation of 
G which is unique up to equivalence. 
Suppose conversely that (r, , r:) and (r,, r,*) are pairs of geometric dual 
graphs such that r, and r, are equivalent representations of G and r: and 
r,* are strong dual graphs of G. We shall show that r: 1: r,*. This is the 
same as showing that any two edges e,, e, of I-: are incident with the same 
vertex if and only if the corresponding two edges e;, e; in r$ are incident 
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with the same vertex. Using Proposition 2.1 and the equivalence of r, and 
r,, this holds for any finite contraction of r,* (respectively, rf) containing 
e, and e2 (respectively, e; and e;). But then it also holds for r: and r:. For 
suppose e, and e, are independent in r, . * Then r: has a finite edge set E 
such that e, and e, belong to distinct components of r,* -E (because r: is a 
strong dual graph of G) and if r; is a finite 2-connected subgraph of l-T 
containing e,, e2 and E, then in rf/E(rF)\E(r;), e, and e2 are independent 
and so they are independent in r: as well. 
In the next section, we study the uniqueness of dual graphs and thus also 
uniqueness of plane representations. But first we look at predual graphs. 
THEOREM 3.4. A graph G has a predual graph if and only if the strong 
reduction G,, of G contains no subdivision of K, or K,., or, in other words, 
every block of G,, is planar. 
Proof: Since any two vertices of G,, are separated by a finite edge cut, 
every block of G,, is countable, by Proposition 2.3. Then, by Kuratowski’s 
theorem, every block of G,, is planar if and only if G,, contains no 
subdivision of K, or K,,,. 
Now, if G has a predual graph H, then G,, is a strong dual graph of H, by 
Proposition 2.4, and hence G,, has no subdivision of K, or K,., by the 
remark succeeding Proposition 2.1. On the other hand, if each block of G,, is 
planar, then by Theorem 3.1, each block of G,, has a predual graph and so 
G,, has a predual graph H. By Proposition 2.4, G is also a dual graph of H. 
COROLLARY 3.5. If G contains no subdivision of K, or K,,,, then G has 
a predual graph. 
Proof. Suppose G has no predual graph. Then G,, contains a subgraph H 
which is a subdivision of K, or K,,, by Theorem 3.4. Since G,, satisfies the 
finite edge cut condition, G,, has a finite set A of edges such that no two 
vertices of H belong to the same component of G,, - A. We may regard 
E(H) and A as subsets of E(G). Consider a vertex x of H. In G there is a 
subset of V(G) that corresponds to x. No two of those vertices are separated 
by a finite edge cut of G and so they all belong to the same component of 
G -A. It then follows if we contract each component of G -A into a vertex, 
we get a graph with edge set A containing a copy of H. Hence G contains a 
finite subgraph which is contractible to K, or K,,,. This subgraph is 
nonplanar and contains therefore a subdivision of K, or K,,,. This 
contradiction proves the corollary. 
It follows from Corollary 3.5 that any planar graph has a predual graph. 
This strengthens part of Theorem 3.1. If G and H form a pair of dual graphs 
with uncountably many edges, however, they cannot be represented as 
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geometric dual graphs. For suppose r and A were plane geometric dual 
graphs isomorphic to G and H, respectively. Then we may regard TV A as a 
plane graph such that rn A consists of vertices of degree four. By a theorem 
of Wagner [ 111, however, no plane graph has uncountably many vertices of 
degree greater than 2. 
This idea can be used to obtain some of the previous results in a different 
way. Suppose (G, G*) is a pair of strong dual graphs. Form the disjoint 
union G U G* and insert a vertex of degree two on each edge. Then identify, 
for each edge e in G, the vertex of degree two on e with the vertex of degree 
two on e*. Then one can prove (using the results of Section 2) the last part 
of Theorem 3.2 and Theorem 3.3 by showing that the graph constructed 
above is planar 3-connected, that it has only one representation (up to 
equivalence) and that this representation determines a representation of G, 
G* as a geometric dual pair. 
It often happens that a plane graph has a “natural” geometric dual graph. 
We conclude this section by giving a criterion for when a geometric dual 
graph is a dual graph. 
THEOREM 3.6. Let r be a 2-connected plane graph having a geometric 
dual graph A. Then A is a dual graph of r if and only any two vertices of r 
are separated by a cycle of A. 
Proof: Suppose first that A is a dual graph of r and let a and p be any 
two vertices of r. Then a and /I are separated by a finite minimal edge cut E 
of r and we consider the cycle Z of A with edge set E*. Since each a -- /? 
path in r contains an odd number of edges of E, C separates a and /I. 
Suppose conversely that any two distinct vertices of r are separated by a 
cycle of A. Clearly, any cycle C of r corresponds to an edge cut of A. We 
shall show that Z corresponds to a minimal edge cut of A. For any two 
distinct vertices of C, we consider a cycle of A separating these vertices and 
we let 0 be the union of these cycles. It is easy to see that any two vertices 
of 0 in the interior (respectively, exterior) of Z are connected by a path of 0 
in the interior (respectively, exterior) of Z. Thus 0 is connected and E(Z)* is 
a minimal edge cut of 0. Since any two edges of r are on a cycle, it follows 
easily from this that A is connected and that E(C)* is a minimal edge cut of 
A. 
Now suppose that @ is any forest of r and let r,, be a finite 2-connected 
subgraph of r containing @. It follows from the preceding paragraph that A 
can be contracted into a dual graph A, of r,. Then A, -E(a)* is connected 
and so also A - E(Q)* is connected and A is a dual graph of K This 
completes the proof. 
If G is a 2-connected graph having a VAP-free and EAP-free plane 
representation r, then we can draw a geometric dual graph A such that each 
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face of r contains precisely one vertex of A. If G is 3-connected, then A 
(considered as an abstract graph) is unique up to isomorphism: the vertices 
of A correspond to the induced nonseparating cycles or two-way infinite 
paths such that two vertices of r are adjacent if and only if the 
corresponding subgraphs of r have an edge in common (see [7]). Since r 
is EAP-free and hence locally finite, it satisfies the assumption of 
Theorem 3.6. It is easy to see that A satisfies the assumption of Theorem 3.6, 
if and only if any two vertices of A are separated by a finite edge cut. If, in 
addition, A has at most one vertex of infinite degree, then A,, = A and thus A 
is a strong dual graph of r in that case. If, however, A has at least two 
vertices a, /3 of infinite degree, then A is not a strong dual graph of r. For if 
this were the case, a and p would be separated by a finite edge cut of A and 
hence by a cycle of r contradicting the assumption that r is VAP-free. 
Combining Theorems 3.2 and 3.6; we easily get the following extension of 
17, Theorem 9.61: 
COROLLARY 3.7. A 2-connected graph G having a dual graph has a 
locally finite dual graph if and only if G has a plane representation such that 
each edge of G is contained in precisely two facial cycles. 
By [7, Proposition 4.51, a cycle S in a 3-connected plane graph G is a 
facial cycle if and only if S is induced and nonseparating (i.e., S has no 
chords and G - I/(S) is connected). Thus Corollary 3.7 implies: 
COROLLARY 3.8. A 3-connected graph G has a locally finite dual graph 
if and only if each edge of G is contained in precisely two induced 
nonseparating cycles. 
This result may be regarded as an extension of the planarity criterion of 
Tutte [lo] saying that a finite 3-connected graph G is planar if and only if 
each edge is contained in precisely two induced nonseparating cycles. 
In the next section we show that the dual graph in Corollary 3.8 is unique, 
whereas graph G in Corollary 3.7 may have dual graphs that are not locally 
finite as shown by graph G, of Fig. 4.2. 
4. UNIQUENESS AND CONNECTIVITY OF THE DUAL GRAPH 
Consider a 2-connected graph G having a decomposition G’ U G”, where 
E(G’) n E(G”) = 0 and V(G’) n V(G”) = (x, y}. Let E be those edges of 
G’, which are incident with precisely one of x or y. We now form a new 
graph G, as follows: For each edge e = zu of E, where z =x or z = y, we 
delete e and add the edge z’u instead, where {z’} = (x, y)\(z). We denote 
also the edge z’u by e, and thus the graph G, is thought of as having the 
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same vertex set as G and also the same edge set except that an edge need not 
have the same ends in G, as in G. We say that G, is obtained from G by a 2- 
switching. Now suppose G,, G, ,... is a sequence of graphs such that, for each 
k > 2, G, is obtained from G,- i by a 2-switching. Suppose further that each 
edge of G is switched only finitely many times. Then we can define 
H = lim,, G, in the obvious way (i.e., and edge e joins vertices x and y in 
H if and only if e joins x and y in G, for all but finitely many k) and we say 
that H is obtained from G by a sequence of 2-switchings. A 2-switching 
clearly transforms a cycle into a cycle and since each edge is switched only 
finitely many times the edge set of a cycle in G is also the edge set of a cycle 
in H. Similarly, a cycle in H is a cycle in some G, and thus corresponds to a 
cycle in G. 
We say that two graphs G and H are cycle isomorphic if there exists a 
bijection 0: E(G) + E(H) such that a set E c E(G) is the edge set of a cycle 
if and only if #(E) is the edge set of a cycle in H. If G is 2-connected and H 
is obtained from G by a sequence of 2-switchings, then G and H are cycle 
isomorphic as noted above. Whitney [ 141 proved that the converse is true if 
both G and H are finite. In this section we extend this result to infinite 
graphs and apply the result to duality. For clearly, two graphs G and H have 
a common dual graph, if and only if one of G and H has a dual and G and 
H are cycle isomorphic. 
We shall need a simple observation on cycle isomorphisms. In a connected 
graph G an edge set E is the edge set of a spanning tree, if and only if E is 
maximal acyclic. This implies that a cycle isomorphism preserves spanning 
trees. Now suppose 9: E(G) + E(H) is a bijection and T, E G and T2 c H 
are spanning trees such that #(E(T,)) = E(T,). Then 4 is a cycle 
isomorphism, if and only if for each ES E(G), E is the edge set of a T,- 
fundamental cycle, if and only if 4(E) is the edge set of a T,-fundamental 
cycle. The reason is that every cycle C of G is the modulo 2 sum of those 
T,-fundamental cycles that have an edge in common with T, and that the 
modulo 2 sum of any (finite) set of cycles is an even graph and hence 
decomposable into edge-disjoint cycles. 
THEOREM 4.1. Let G and H be countable 2-connected graphs. Then G 
and H are cycle isomorphic if and only if H is isomorphic to a graph H’ 
obtained by a (possibly empty) sequence of 2-switchings of G. 
Proof. We have already observed that the “if’ part holds. Now let 
4: E(G) -+ E(H) be a cycle isomorphism. Since G is countable and 2- 
connected we can write G = Up= O Jk , where 0 = JO c J, c Jz c . . . and each 
Ji is a finite 2-connected subgraph of G. Let Ii be the subgraph of H 
consisting of Q(Ji) and the ends of that edge set. Then 4 induces a cycle 
isomorphism of Ji onto Ii for each i > 1. We shall describe a sequence 
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G = G, , G, ,... of graphs such that, for each k > 1, G, is obtained from G,_, 
by a finite sequence of 2-switchings such that no edge of Jk-, is involved in 
any of those switchings and such that the restriction of 4 (regarded as a 
cycle isomorphism E(G,) -+ E(H)) to E(J,) is induced by an isomorphism of 
J, (viewed as a subgraph of Gk) to the 2-connected subgraph of H with edge 
set W(Jd). 
Suppose we have already defined G,- i , k 2 1. We shall extend J, to a 
finite 2-connected subgraph JL of G,_, as follows: For each quadruple 
x, y, z, u of vertices of Jk such that z and u belong of distinct components of 
Jk - (x, JJ}, but to the same components of G,-, - (x, u), we add to Jk a 
path from z to u in G,- i - (x, -v}. The resulting graph Ji has the property 
that two vertices x and y of Jk separate JA if and only if they separate G,- , 
or separate a path of JL - V(J,) from the rest of J; - (x, y}. By Whitney’s 
theorem on cycle-isomorphic finite graphs [ 141 (for a short proof, see 191) we 
can transform J; into a graph J: by a sequence of 2-switchings such that the 
restriction of 4 to E(J{) is induced by an isomorphism of Jl onto the 2- 
connected subgraph of H with edge set #(E(Jl)). We shall only consider 
those 2-switchings which correspond to vertex cuts of J;. Since these vertex 
cuts are also vertex cuts of G,_, we can “extend” the above 2-switchings to 
2-switchings in G,- i . We thereby transform G, i to the desired G, except 
that we have to make sure that no edge of Jk-, is switched. If any two 
vertices of Jk-, are adjacent, we can clearly choose the 2-switchings such 
that no edge of Jk-, is switched. We therefore add an edge between each pair 
of nonadjacent vertices of Jk-, and show that 4: E(G,- ,) + E(H) can be 
extended to a cycle isomorphism defined on the edge set of the resulting 
graph. To see this, we consider a spanning tree T, of Jk _, and extend it to a 
spanning tree T, of G,- , . Let T; be the subgraph of H consisting of 
#(E(T,)) and the ends. By the assumption on G,-, and 4, T; is a spanning 
tree of the subgraph of H corresponding to JkP 1. Also, &!Z(T,)) is the edge 
set of a spanning tree T; of H by a remark preceding Theorem 4.1. For each 
pair of nonadjacent vertices in JkP, we add an edge e joining them and we 
add an edge between the corresponding vertices of T; and we denote this 
edge 4(e). In this way we extend Q to a bijection 4’ of the edge sets of the 
resulting supergraphs of G, _ , and H, respectively. Now $’ preserves 
fundamental cycles with respect to the trees T2 and T;, respectively, and so 
$’ is a cycle isomorphism. Working with 4’ instead of # we get the desired 
G, as described above. 
Now it is easy to see that H’ = lim,,, G, has the desired properties, and 
the proof is complete. 
As a consequence of Theorem 4.1, we get the following result which is not 
immediately obvious from the definition: 
COROLLARY 4.2. Let G and H be countable 2-connected graphs. If H is 
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isomorphic to a graph obtained from G by an infinite sequence of 2- 
switchings, then G is isomorphic to a graph obtained from H by an infinite 
sequence of 2-switchings. 
Theorem 4.1 can also be proved for uncountable graphs. We have 
formulated Theorem 4.1 for countable graphs only, since the main purpose of 
the theorem is to establish 
THEOREM 4.3. Let G be a 2-connected predual graph of a graph H. 
Then G’ is a predual graph of H if and only if G’ is isomorphic to a graph 
obtained from G by an infinite sequence of 2-switchings. In particular, if a 
graph has a 3-connected predual graph, the predual graph is unique up to 
isomorphism. 
It is easy to prove directly (as in [ 121) that two cycle-isomorphic graphs 
are isomorphic if one of them is 3-connected so the last part of Theorem 4.3 
is not difficult. 
In order to illustrate Theorem 4.3, we first consider the graphs G, and H, 
of Fig. 4.1. It is easy to see that G, and H, are 3-connected strong dual 
graphs. By Theorem 4.1, G, (respectively, H,) is the only predual graph of 
H, (respectively, G,). By Proposition 2.4, G, is the only dual graph of H, 
(since G, is locally finite), and any dual graph of G, is obtained from H, by 
splitting the vertex of infinite degree up into vertices no two of which are 
separated by a finite edge cut. This is satisfied if and only if the new vertices 
each have infinite degree. Note that besides H;, only one of these is planar. 
Consider next the graphs G,, H, of Fig. 4.2. It is easy to see that G, and 
H, form a pair of strong dual graphs. On the other hand, the “natural” 
geometric dual graph of G, is isomorphic to G, and so G, is self dual. By 
Theorem 4.3, H, can be obtained from G, by an infinite sequence of 2- 
switchings. Note that H, is locally finite, while G, has a vertex of infinite 
degree. 
The “natural” geometric dual graph of H, is 3-connected while the strong 
dual graph G, of H, is only 2-connected. More generally, we have 
F1c.4.1. A pair of strong dual graphs. 
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FIG. 4.2. A pair of strong dual graphs. 
PROPOSITION 4.4. Let G be a 2-connected graph having a dual graph H. 
Then the connectivity of H is greater than or equal to the connectivity of H,, . 
ProoJ Let S be a smallest vertex cut of H. Then 2 < 1 S ( < EC,, because H 
is 2-connected, but has finite edge connectivity (and hence finite connec- 
tivity). Let S’ be the vertex of H,, corresponding to S. Then 1 S’ I< 1 S I. We 
claim that S’ is a vertex cut of H,,. Consider a component M of H - S. 
Then some vertex x of A4 is separated from S by a finite edge cut. For if this 
were not the case, then each vertex of M would have infinite degree in H and 
each edge of H which is incident with a vertex in M would in H,, join two 
vertices of S’. But then H,, would contain two vertices (both in S’) joined 
by an infinite multiple edge contradicting the fact that each edge of H,, is 
contained in a finite edge cut of H,,. 
Consider vertices x and y of G such that x and y belong to distinct 
components of G - S and such that they both are separated from S by a 
finite edge cut. Then they are also separated from each other by a finite edge 
cut and they belong to distinct components of H,, - S’. 
The next result is of interest in connection with Theorem 4.3. 
THEOREM 4.5. If G is a 3-connected graph having a dual graph, then 
any dual graph of G is 3-connected. 
Proof In view of Proposition 4.4, it is sufficient to consider a strong 
dual graph H of G. Suppose H has a separating set (x, y}. Since G is 3- 
connected, it contains no multiple edges and so H is 3-edge connected. We 
can therefore assume that x is joined by two distinct edges e, and e, to one 
component of H - {x, y} and y is joined to another component of H - (x, y} 
by an edge e, such that H - {e,, e2, e,} is connected. Since G is 3-edge 
connected, e, and e, do not form a cycle. Thus (e,, e2, e3) is the edge set of 
a forest and they are not contained in a common cycle of H. Let e{ , e;, e; be 
the corresponding edges of G. Then e;, e;, e; do not form a cycle in G and 
they do not belong to a common minimal edge cut of G. We shall derive a 
contradiction from this. 
Let G, be a finite subgraph of G such that G, contains e[, ei, and e; and 
such that no endvertex of one of e; , ei, ei is separated in G, from any other 
endvertex of one of e; , e;, e; by a set of two vertices. If we choose G, to be 
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minimal under this restriction, it is easy to see that G, is a subdivision of a 
3-connected graph G; . Moreover, Gi is planar and has therefore a 3- 
connected planar dual graph H, . By a result of Lovisz [ 51, any three edges 
of H, are contained in a common cycle unless they separate the graph. Thus 
any three edges of G; are contained in a minimal edge cut of Gi unless they 
form a 3-cycle in G; . Using this, it is easy to see that e; , e;, e; are contained 
in a minimal edge cut E of G, , Since any two vertices of G are separated by 
a finite edge cut, G has a finite edge set E’ s E(G)\E(G,) such that the two 
components of G, - E belong to distinct components of G - (E U E’). If we 
choose a minimal such that E’, then E U E’ is a minimal edge cut of G. This 
contradiction proves the theorem. 
Theorem 4.5 does not remain valid if “3-connected” is replaced by “k- 
connected”, when k > 4. 
5. INFINITE MINIMAL EDGE CUTS IN DUAL GRAPHS 
If G, G* is a pair of finite dual graphs, then a set ES E(G) is the edge set 
of an even graph if and only if E* is an edge cut of G*. It is easy to see that 
every even graph contains either a cycle or a two-way infinite path. Using 
this, it is easy to prove that every locally finite even graph can in fact be 
decomposed into pairwise edge-disjoint graphs each of which is a cycle or a 
two-way infinite path. Thus, it would be natural to expect that the infinite 
minimal edge cuts in the dual graph G* of an infinite graph G are closely 
related to the two-way infinite paths of G. This is not generally so. In this 
section we investigate minimal edge cuts in dual graphs and we relate these 
investigations to simultaneous VAP-free representations of pairs of dual 
graphs. 
THEOREM 5.1. Let G, G* be a pair of strong dual 2-connected graphs. If 
E s E(G) such that E* is an infinite minimal edge cut of G*, then E is the 
edge set of a system of pairwise disjoint paths of G. Moreover, if x is an 
endvertex of one of these paths, then x has infinite degree in G. 
Proof. Clearly, E is the edge set of a forest in G. Consider any finite 
subset E, of E. It is easy to see that G* has a finite subgraph with edge set 
EC say, such that ET is a minimal edge cut in that subgraph. By 
Proposition 2.1, E, is the edge set of a cycle in G/(E(G)\E,) and so E, is the 
edge set of a system of disjoint paths in G. In particular, no vertex of G is 
incident with more than two vertices of E, so E is the edge set of a system of 
pairwise disjoint paths in G. 
If x is a vertex of G incident with precisely one edge of E, then the 
minimal edge cut B of G consisting of all edges incident with x has an odd 
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intersection with E. Since each cycle of G* intersects E * in an even number 
of edges, B* cannot be a cycle and so B is infinite. This completes the proof. 
The infinite edge cuts of the graph G, of Fig. 4.1 correspond to the two- 
way infinite paths of H, not containing the vertex of infinite degree and the 
one-way infinite paths starting at the vertex of infinite degree. Fig. 5.1 
indicates a 3-connected planar graph and a collection of infinitely many 
finite and two-way infinite paths, whose union is a minimal edge cut in its 
strong dual graph. 
More elaborate examples show that a minimal edge cut in G* may even 
correspond to a collection of finite paths in G. 
In Fig. 4.2, the graph G, has the strong dual graph H, but also G? is a 
dual of G,. Note that any infinite minimal edge cut of G, corresponds to a 
two-way infinite path in H,. The converse is not true. In fact, H, has 
uncountably many two-way infinite paths while G, has only countably many 
minimal edge cuts. Note that in any representation of G,, H, as a geometric 
dual pair there are VAPs. The situation becomes simpler if we restrict our 
attention to VAP-free representations as shown by 
THEOREM 5.2. If G, G* is a pair of 2-connected strong dual graphs that 
can be represented as geometric dual graphs such that G is VAP-free, then G 
has at most one vertex of injlnite degree, and an infinite set E * c E(G *) is a 
minimal edge cut of G* if and only if E is the edge set of a one-way injkite 
path in G starting at the vertex of infinite degree or of a two-way path 
containing no vertex of infinite degree. 
Proof: Since any two vertices x and y of G are separated by a finite edge 
cut, it follows that x and y are separated (in the topological sense) by a cycle 
of G* and then at most one of x and y has infinite degree, since G is VAP- 
free. 
Consider a set E E E(G) which is the edge set of a two-way infinite path 
or a one-way infinite path starting at a vertex of infinite degree. Then 
FIG. 5.1. A collection of paths corresponding to a minimal edge cut in the dual graph. 
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FIG. 5.2. A self-dual 3-connected nonlocally finite graph illustrating Theorem 5.2. 
G* - E* is disconnected. For if e* is any edge of E* and A * is the edge set 
of a path of G* -E* joining the ends of e*, then the closed curve 
representing A * U (e* } has infinitely many edges of E(G) in its interior, a 
contradiction. 
Since G has at most one vertex of infinite degree, the remaining part of 
Theorem 5.2 now follows from Theorem 5.1. 
Note that a 2-connected planar graph G may have a VAP-free represen- 
tation and a strong dual graph G* such that G, G* has no representation as 
a geometric dual pair such that G is VAP-free (see Fig. 5.3). 
We shall also consider the situation, where VAPs are allowed. For this we 
need 
LEMMA 5.3. If G is an infinite 2-connected graph such that any two 
vertices of G are separated by a finite edge cut, then G has an infinite path. 
Proof: If G has no vertex of infinite degree, the statement follows from 
Kiinig’s lemma. If G has a vertex x0 of infinite degree, we consider the 
connected graph G -x,, and a tree T satisfying conditions (i) and (ii) in the 
proof of Proposition 2.3. It is easy to see that T is infinite and since any 
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FIG. 5.3. A pair of strong dual graphs such that any representation of them both as 
geometric dual graphs has VAPs. 
vertex of T is separated from x,, by a finite edge cut in G, T is locally finite. 
The lemma now follows from Konig’s lemma. 
THEOREM 5.4. Let G, G* be a pair of 2-connected strong dual graphs. 
Then the following statements are equivalent: 
(a) The representation of G corresponding to G* is not equivalent to a 
VAP-free representation of G. 
(b) Graph G and G* cannot be represented as geometric dual graphs 
such that the representation of G is equivalent to a VAP-free representation. 
(c) The representation of G corresponding to G* has a cycle such that 
both the interior and the exterior of that cycle contains infinitely many 
vertices of G. 
(d) Graph G* has a finite minimal edge cut B* such that both 
components of G* - B * are inJinite. 
Moreover, if one (and hence each) of the above statements holds, then G 
has an edge set A such that A is not a minimal edge cut of G, but A” is the 
edge set of a two-way infinite path in G”. 
Proof: Clearly, (c) * (a) =r (b). As in [ 7, Lemma 7.11 we prove 
non(c) + non(b). By Theorem 3.2, we can represent G and G* as geometric 
dual graphs. If C is a cycle in that representation, then clearly E(C)* 
separates all those vertices in G* which are in the interior of C from all 
those which are in the exterior of C. On the other hand, G* - E(C)* has 
precisely two components, so it follows that C satisfies the assertion of (c) if 
and only if E(C)* satisfies the assertion of (d). This shows that (a)-(d) are 
equivalent. 
Now suppose E(C)* satisfies the assertion of (d). Then at least one block 
of each component of G * - E(C)* is infinite (because G* is a block) and 
hence each component of G* - E(C)* has an infinite path by Lemma 5.3. 
This implies that G* has a two-way infinite path with edge set A* such that 
IA n E(C)/ = 1 and hence A is not an edge cut in G. 
COROLLARY 5.5. Let G be a 2-connected graph having a dual graph. 
Then the following statements are equivalent: 
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(a) Graph G has a strong dual graph G* such that the plane represen- 
tation of G* corresponding to G is equivalent to a VAP-free representation. 
(b) For each strong dual graph G* of G, the pair (G, G*) can be 
represented as geometric dual graphs such that G* is VAP-free. 
(c) For each finite edge set E of G, G-E has only one infinite 
component. 
Note that statement (a) in Theorem 5.4 is not equivalent to the same 
statement with G and G* interchanged. In order to see this, we consider the 
dual pair of Fig. 5.3. Observe that the representation of G* in that figure is 
VAP-free. So is the representation of G in that figure, but the representation 
of G corresponding to G* is the one indicated in Fig. 5.4, and this is not 
equivalent to a VAP-free representation of G*. 
The next results deal with geometric dual pairs which are both VAP-free. 
THEOREM 5.6. Let G, G* be a pair of strong dual 2-connected graphs 
such that the representation of G corresponding to G* is equivalent to a 
VAP-free representation of G and the representation of G* corresponding to 
G is equivalent to a VAP-free representation of G*. Then G and G* can be 
represented as geometric dual graphs that are both VAP-free. 
Proof: Let (r, r*) be a plane representation of (G, G*) as a geometric 
dual pair. Then the assumption of Theorem 5.6 implies that no cycle of r 
(respectively, r*) contains infinitely many vertices of r (respectively, r*) in 
its interior and in its exterior. We may regard TV r* as a plane graph 0 in 
which rn r* is a set of vertices of degree 4. It is easy to see that in this 
graph, there is no cycle which has infinitely many vertices of Tur* in its 
interior and in its exterior. But then 0 has a VAP-free representation 0’ 
FIG. 5.4. Another represeldaton of graph F in Fig. 5.3. 
582b/33/2-5 
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equivalent to 0 by [ 7, Lemma 7.11, and 0’ may be regarded as a plane 
VAP-free representation of (G, G*). 
Combining Theorems 5.4 and 5.6, we get 
COROLLARY 5.7. Let (G, G*) be a pair of 2-connected strong dual 
graphs. Then (G, G *) can be represented as a VAP-free geometric dual pair 
if and only if for each finite subset E of E(G), both G - E and G * - E * 
have only one infinite component. 
Note that the condition of Corollary 5.7 implies that each of G and G* 
has at most one vertex of infinite degree. The examples of Figs. 4.1 and 5.2 
show that one or both of G and G* may contain a vertex of infinite degree. 
In the rest of the paper we study duality concepts, where also infinite edge 
cuts are involved. We say that a strong dual pair (G, G*) has property p if, 
for each infinite subset E of E(G), E is the edge set of a two-way infinite 
path if and only if E* is a minimal edge cut of G*. We also say that (G, G*) 
has property p, if, for each edge set E of E(G), E is the edge set of an even 
subgraph of G if and only if E* is an edge cut of G*. Finally, we say that 
(G, G*) has property p* (respectively, p:) if (G”, G) has property p (respec- 
tively, p,). Since a two-way infinite path is a minimal even graph (and, in 
fact, the only infinite minimal even graph), property p, (respectively, p,*) 
implies p (respectively, p*). Dirac [I] showed that any edge cut can be 
decomposed into minimal edge cuts and conversely, it is easy to see that the 
union of a collection of pairwise edge-disjoint edge cuts is an edge cut. Also, 
any locally finite even graph can be decomposed into a collection of pairwise 
edge-disjoint edge sets each of which is a cycle or a two-way infinite path. So 
if G is locally finite, p implies p,. 
THEOREM 5.8. Let (G. G*) be a pair of 2-connected strong dual graphs. 
Then the following statements are equivalent: 
(a) (G, G*) has property p, 
(b) (G, G*> has property P,, 
(c) G is locally finite and, for each finite edge set ES E(G), G - E 
has only one infinite component, 
(d) G is locally j?nite and has a VAP-free and EAP-free plane 
representation. Any such representation has at most one facial two-way 
infinite path, 
(e) G is locallyj?nite, G* has at most one vertex of infinite degree and 
(G, G*) can be represented as a geometric dual pair such that neither G nor 
G* has any VAP. 
Proof We first prove (c) + (d). The assumption of (c) implies that, for 
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each finite A c V(G), G -A has only one infinite component, since G is 
locally finite. Then by [7, Lemma 7. I], G has a VAP-free and EAP-free 
representation. If such a representation has two infinite facial paths and P is 
any path connecting them, then G - V(P) would have at least two infinite 
components, a contradiction. This proves (c) 3 (d). 
We next assume (d) and prove (c). Let E be a finite edge set of an EAP- 
free representation r of G. Let r, be a finite 2connected subgraph of r 
containing E such that as few edges of E as possible are on the cycle C of F, 
bounding the unbounded face of r,,. Then an edge of E is on Z if and only if 
it is on the unique facial path I7 of r. It is now easy to see that all vertices of 
r outside Z belong to the same component of G - E as the segment of .Z not 
containing any edges of Z7. This shows that (d) + (c). 
We then assume (c) and prove (e). By Theorem 3.2, we can represent 
(G, G*) as a geometric dual pair. The assumption of (c) implies that G and 
G* satisfy the assumption of Corollary 5.7 (since every representation of G 
satisfies the assumption of [7, Lemma 7.1 I), so we can assume that the 
representation of (G, G*) is without VAPs and that G* has at most one 
vertex of infinite degree (since any two distinct vertices of infinite degree in 
G* would be separated by a finite edge cut of G”). This shows (c) 3 (e). 
It is easy to prove (e) +- (c), since it is sufficient to prove (c), when E is a 
minimal edge cut (i.e., when E* is the edge set of a cycle in G*), and so (c), 
(d), and (e) are equivalent. 
Theorem 5.2 shows that (e) * (a), and (since G is locally finite) also (b), 
and the last part of Theorem 5.4 shows that (a) implies the second condition 
of (c). In particular, G has at most one vertex of infinite degree. So it only 
remain to show that (a) implies that G is locally finite. So assume G has a 
unique vertex of inlinite degree. A close inspection of the proof of 
Lemma 5.3 shows that G has an infinite path P starting at x and a sequence 
of finite paths P, , P, ,... each starting at x such that Pin P consists of the 
two ends of Pi for each i = 1, 2,... and Pi n Pj = (x) for each i, j such that 
i < j. Let e be the edge of P incident with x. Now the two ends of e* belong 
to distinct components of G* - E(P)* because any path of G * - E(P)* 
connecting the ends of e* in a plane representation of (G, G*) as a geometric 
dual pair would cross infinitely many of the paths P,, P,,... . But this 
contradicts (a), and the proof is complete. 
Note that the statements (c) and (d) do not include G*. Thus (a) and (b) 
hold for some G*, if and only if they hold for each G* (G being fixed). 
Theorem 5.8 implies the following result: 
THEOREM 5.9. Let (G, G*) be a pair of 2-connected strong dual graphs. 
Then the following statements are equivalent: 
(a) (G, G*) has properties p and p”, 
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(b) (G, G*) has properties p1 and p:, 
(c) G and G* are both locally finite and for each finite edge set 
E c E(G), G - E has only one infinite component, 
(d) G is locally finite and has a VAP-free and EAP-free plane 
representation. In such representation every face is bounded by a cycle, 
(e) G and G* are both locallyjkite, and (G, G*) can be represented 
as a geometric dual pair such that neither G nor G* has VAPs or EAPs. 
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